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Prehistory

In 1980 Brezis and Gallouet established the unique solvability of
the initial-boundary value problem for the nonlinear Schrodinger
evolution equations with zero Dirichlet data on the smooth
boundary of a bounded domain in R? or its complementary
domain. They used crucially the inequality

1/2
[l L) < C(l + (log(1 + |ullwa2(e))) ) (1)
for every u € W?22(Q) with lullwrzg) = 1.

Applications of this inequality to the Euler equation can be found
in Chapter 13 of M.E. Taylor's book on PDEs.
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The same year Brezis and Wainger extended (1) to Sobolev spaces
of higher order on R” in the form

n—k)/n
[[ull oo rmy < C<1 + (log(1 + HUHW,’q(Rn)))( )/ ) 2
for every function u in W"9(R") normalized by

lull wrnkmny =1,

where k and [/ are integers, 1 < k </, g/ > n, and k < n.




Preliminaries

Let Q be an open domain in R” such that m,(Q2) < oo, where m,
denotes the n-dimensional Lebesgue measure on €. Given

p € [1,00) and sets E C G C Q, the capacity C,(E, G) of the
condenser (E, G) is defined as

Go(E, G) = inf{/ |VulPdx : u e [MP(Q), u>1on E and
Q
u<0on Q\G (up to a set of p—capacity zero)} .

Here L1:P(Q) denotes the Sobolev space
{uelP(Q,loc): |Vu| € LP(Q)},
with the seminorm

lull ey = IVulle(q)-

;



Two isocapacitary functions

The first isocapacitary function
vp : [0, ma()/2] > [0, ]
is defined by

vp(s)=inf{Cp(E, G): E C G C Q, such that
mp(E) > s, ma(G) < my(2)/2}.

Clearly, vp is non-decreasing and the isocapacitary inequality holds
vp(mn(E)) < Co(E, G) (3)

for every condenser (E, G) with m,(G) < m,(Q2)/2.




For example, if Q = R", then

— nip—1 p—n p—n (1—p
Ll’ }mn(G) n(p—1) _ gn(p—1)

p(s) = i/ "t Pl

for p # n and

n—1

vn(s)=n

o (Iog m,,iG))ln.
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The second isocapacitary function
75 ¢ [0, ma()/2] = [0,00],  p > n,
is given by
Tp(s)=inf{ Co(E, G): Eis a point in G, G C Q, and m,(G) < s}

The function 7, is clearly non-increasing and the corresponding
isocapacitary inequality is

mp(mn(G)) < Cp(E, G). (4)

For instance, in the case Q = R"

nfp— mpr-1 —n/n
WP(S):W,F;/ (ﬁ) (ns)l P/ .
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The isoperimetric function of €, denoted by
A [0, my(R2)/2] — [0, ¢] is given by

A(s) = inf{H"HQNIE): EC Q, s < my(E) < my(Q)/2}. (5)
Here "~ denotes the (n — 1)-dimensional Hausdorff measure.

If @ =R", then

A(s) = w,l/n(n s)(n=1/n,




The definition of X\ leads to the relative isoperimetric inequality on
Q which reads

Mmn(E)) < H" 1 QN OE) (6)
for every E C Q with m,(E) < mp(2)/2.
The isoperimetric function of an open subset of R” was introduced

by Vladimir Maz'ya in 1960s. Nowadays it plays an important role
in analysis on manifolds.




The functions v, and 7, on one hand, and A on the other hand,
are related by the inequalities

w: ([T e

)= ([ 50) (5)

for s € (0, mp(2)/2) with p" = p/(p — 1), which follows along the
same lines as similar assertions in Vladimir Maz'ya's book on
Sobolev spaces.

and




Clearly,
A(s) < ¢ s/,

Moreover, if Q is bounded and Lipschitz, then
As) ~ s D/" pear s = 0.
Furthermore, for any €,
Vp(s) < cnps"P/7 for n > p,

vp(s) < cnp(Q) for n < p,

and

1.1-
vp(s) < cp (log ;)1 " for n=p.

These inequalities can be verified by setting appropriate test

functions in the definition of the p-capacity.




If © is bounded and Lipschitz, then, by (10) and (7),

(s) s(n=p)/n if n> p,
4 ~ —n .
i (Iog %)1 ifn=p
and

mp(s) = s(n=P)/n for p > n.
near s = 0.

(14)

(15)




Main results for arbitrary 2

Theorem
For every e € (0, m,(2)/2) and for all u € L1P(Q) N L17(Q),
p>n,r>1,

oscou < mp(e) VPV ull o) + vi(e) TV IVull ), (16)

where

oscqu = ess sup u — ess_infu.
Q Q




Corollary

Let p>1, r > 1. Then, for every ¢ € (0, m,(2)/2) and for all
u € LYP(Q) N LY (Q)

€ dp \L/P m(@)/2 N1/
< r(Q)-
s <( | 5g57) I0leer ([ 557) HV?LL)(Q)

Remark. One can add the inequality p > n in Theorem since (16)
has no sense for n > p.

In the case r = 1, p > n, the estimate (17) is simplified

€ d,LL 1/p _1
< .
osca < ([ 055" IV Ul + ) Vel (19




Domains of the class 7,

A domain belongs to the class 7., a > 0, if there is a constant IC,
such that

) > Ko p®
for 1 € (0, my(€2)/2). This class was introduced and studied in
detail by Vladimir Maz'ya (1960). In particular, any Lipschitz
domain is in J(n_1)/n-
Corollary
Let Q€ Ty, let p>n, r > 1 and let

1
E > o > ?
Then, for every € € (0, m,(Q2)/2) and for all u € LYP(Q)

oscqu < Kt ((1 - ap')*l/plfs*aﬂ/plHVUHLp(Q)

+(ar — 1)—1/”5—@“/”HquLr(Q)). (19)




Taking the minimum value of the right-hand side in €, we arrive at
the multiplicative inequality

— 1—
0scQU < Cap,r /CalHVUHZ,,(Q)HVUHL,&) (20)
where Q is a domain of the class J, with 1/p’ > a > 1/, p > n,
r>1, and
a—1/r
V=
1/r—1/p




The case Q € Jy/p

We turn to the critical case when Q belongs to the class J; /.
Corollary

Letp>n,p>r>1andletQ € Jy. Then, for every
e € (0,m,(R)/2) and for all u € L1P(Q),

_ —1r\YP" (o
oscqu SICI/I,,<<(F;3 ) PPV | o

+ (108 ™Y 194 ). (21)




Without taking into account the values of the constants, we can
write

N /or mp(2)\1/r
oscqu < c(e(p )/p IV ull o) + <Iog "2(6 )> HVUHU(Q)>,

where € € (0, mp(2)/2) and hence

1/r
)

oscau < cl(l + “Og(CZHVUHLP(Q))‘) (22)

provided ||Vul| - () = 1. Recall that p>n, p>r>1, and
Qe jl/r’-

In particular, if Q is a bounded Lipschitz domain, then r = n and
(22) becomes

oscqu < c1(1 + ||Og(C2HVUHLp(Q))D(n_l)/n, (23)

with [|[Vu||n(q) = 1 (Brezis-Gallouet inequality).




Higher order Sobolev spaces

Theorem
Let Q € J,, a < 1, and let u denote an arbitrary function in
W"9(Q) with integer | and q > 1. Further let r = 1/(1 — a) and

I(1-a) < 1/q. (24)

If
lullwir@) =1,
then
lullios(@) < Casqt (1+ (I08(1 + [ ullwia))®). (25)

D)




Whirlpool domain

Example 1. Let € be the domain

{x =" x) 1 |X| < p(xn), 0<xp<1}, (26)

where ¢ is a continuously differentiable convex function on [0, 1],
©(0) = 0. The area minimizing function satisfies

cle(0)]" ™ < AV /Ot[sO(T)]”ldT) < fp(t)" (27)

for sufficiently small t. (V. Maz'ya, Sobolev spaces). Here v,_1 is
the volume of the unit ball in R"~1.

’




Now the inequality (17) implies

0 n—1 1/p
oscau < ([ (0 dt) " Vula)

1 n—1 1/r
+ o /5 P(6) 1 dt) " ||V (28)

for sufficiently small 6 > 0.
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For the power B-cusp
n—1
Q:{x;Zx,?<x§5,o<x,,<1}, B>1,  (29)
i=1

one has by (27)

pn—1)

a<)\ < (07 = - 7
s < A(s) < s, «a Bn-1)+1

For this particular case (28) takes the form

B(n—1)

= (n—1)
oscqu < ¢ (6045 Va1 + 060D

r—1
S IVul).

where p—1+4+3(n—1)>0and r—1+p(n—1) <O0.

’
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In the critical case r — 1+ 5(n — 1) = 0 one has for small 6 >0

B(n—1)p-1 1/
oscqu < ¢(60 T Va1 + (log 5™ [ Vuli(a)).




Minimizing the right-hand side in the preceding inequality, we
arrive at inequality of Brezis-Wainger type for the 5-cusp.

Theorem
Let Q be the B-cusp (29) and let u denote an arbitrary function in
W'7q(Q), where | is integer, g > 1, and

ql > B(n—1).
If
lullwrasso-n(q) = 1,

then
Jullieqoy < Coqs(1+ (log(1+ lulwia@))”)  (30)

with o = (n—1)/[1 + B(n —1)].




’

Remark. We can show that the power « of the logarithm in (30) is
the best possible by choosing

Iog X %i-cs
u¥) = i)
(Iog g>

with a small § > 0.




A-John domains

We recall that a bounded domain Q C R" is A\-John, A > 1, if
there is a constant C > 0 and a distinguished point xp € Q such
that every x € Q can be joined to xg by a rectifiable arc v C Q
along which

dist(y, 0Q) > Cly(x,¥)|, y e,
where |y(x, y)| is the length of the portion of v joining x to y.

Clearly, the class of A-John domains increases with .
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Kilpelainen and Maly showed that every A-John domain belongs to
the class J\(n—1)/n-

Our result implies that inequality
lullie(@) < Caqu(1+ (log(t + lullwio@))”)

holds with & = A(n — 1)/n for every A-John domain.




