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Scattering matrix

Let A and B be self-adjoint op-s in $) and assume that they are
resol. comparable, i.e. their resol. difference is a trace class op.,

B-i)yt—(A-i)tesn) 1)

Denote by $H2°(A) the abs. continuous subspace of A and let
P2¢(A) be the orthog. proj-n in $ onto $2°(A). In accordance
with the Birman-Krein th-m, under the assum. (1) the wave op-s

W.(A,B):=s— lim eBe ™pac(ap)

t—+oc0

exist and are complete, i.e. the ranges of W (B, A) coincide with
the absolutely continuous subspace $2(B) of B. The scattering
op. S(A, B) of the scattering system is defined by

S(A,B) = W, (A, B)*"W_(A,B).
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The op-r S(A,B) commutes with A and is unitary in $H2(A),
hence it is unitarily equivalent to a multiplication op-r induced by
a family {S(A,B; A)}.aer Of unitary oper-s in a spectral repres-n
of the absol. continuous part A%¢ of A,

A% := A | dom(A) N HZ°(A).

The family {S(A,B; \)}.cr is called the scattering matrix of the
scattering system {A,B}.
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Boundary triples and their Weyl functions

Let S be a densely defined, closed, symmetric operator in a
separable Hilbert space $.

Definition 1

Atriple N = {H, o, 1} is called a B-generalized bound. triple
for S* if H is a Hilbert space and for some operator T in $ such
that T = S*, the linear mappings Ny, [ : dom(T) — H satisfy
the abstract Green'’s identity

(Tf7g) - (faTg) = (rlf) rog) - (I_Ofa rlg)7 f7g S dom(T)7 (2)

the op-r Ag :=T [ ker(Ip) is self-adjoint in $), and ran(l'y) = H.
If, in addition, the op-r A; :=T [ ker(I'1) is self-adjoint in $) and
ran(l'1) = H, then the triple N = {H, Ty, 1} is called a double
B-generalized bound. triple for S*.
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Definition 2
Let N = {H,lo,l1} be a B-gen-zed b-ry triple. The Weyl func-n
M(-) and the ~-field ~(-) corresponding to I are defined by
M(z)lof, :=T1fz, f, € Ny =ker(T — 2),
and ~(z):= (lo | ker(T — z))*l, z € p(Ag).

Clearly, M(z) = I'1v(2).

Definition 3

A Nevanlinna function M(-) € R[H] is called &,-regular for
some p € (0, oo] if it admits a representation

M(z)=C+K(z), K():Cy—6p(H), z€Cy, (3)

where C = C* € B(H), 0 € p(C), and K(-) is a strict
Nevanlinna f-n with values in B(H), i.e. K(-) € R®[H]. The class
of &p-regular Nevanlinna functions is denoted by R [H].
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Let M(-) be an &;-regular Nevanlinna function, M(-) € Rg[H].
Then the following assertions hold.

(i) M(A+1i0) =lim._, o M(X + ic) exists for a.e. A € R in the
norm of B(H);

(i) M(XA+i0) is boundedly invertible in H for a.e. A € R;

(i) M(A+ie) —M(A+1i0) € Gp(H) forp € (1,00],e > 0 and
ae. AcR, and

lim M+ i€) = M(A+10) 6, = O;

(iv) ImM(A+i0) = lim._, .o ImMM(X +i¢) exists for a.e. A € Rin
the &1-norm.
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Proposition 1

Let M = {H, T, 1} be a B-generalized boundary triple for S*
such that the corresponding Weyl function M(-) is Gp-regular
for some p € (0, oo]. Then the following assertions hold.

(i) Mis a double B-generalized boundary triple for S*;

(i) The Weyl function corresponding to the transposed
B-generalized boundary triple M is Sp-regular,

(iif) The operators Ag and A; are Gp-resolvent comparable and
the Krein type resolvent formula

(A1—2)" = (Ao —2)" = —1(2)M(z) 7(2)" € Sp(9) (4)

holds for all z € p(Ap) N p(A1).
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The following result is very important in applications.

Proposition 2

Let A and B be self-adjoint operators in $ such that
Rea(z) :=(B-2)"' —(A-2)"" € 6p() (5)

holds for some z € C \ R and some p € (0, o], and assume
that the closed symmetric operator S = AN B is densely
defined. Assume, in addition, that there exists

Ao € p(A) N p(B) NR such that

+ Rp a(Xo) = 0. (6)

If M ={H,lp, 1} is a double B-generalized boundary triple for
S*suchthat A=T [ ker(l'p) and B =T [ ker(I';y) then the
corresponding Weyl function M(-) is Sp-regular.
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Main abstract theorem

Theorem 1

Let A and B be self-adjoint operators in a Hilbert space 9,
assume that the closed symmetric operator S = ANB is
densely defined and simple, and let N = {H,lo,[1} be a
B-generalized boundary triple for S* such that A =T [ ker(I'p)
and B =T [ ker(l';). Assume, in addition, that the Weyl
function M(-) corresponding to I is &;-regular.

Then {A,B} is a complete scattering system and

L2(R,d)\, Hy),  Hy:=ran(ImM() +i0)),

forms a spectral representation of A2 such that for a.e. A € R
the scattering matrix {S(A, B; \)} »cr Of the scattering system
{A, B} admits the representation

S(A,B; \) = Iy, —2iy/IMM(X +i0)M(A+i0)~y/ImM(\ +i0).
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Birman-Krein formula

Corollary 1. Let A and B be resolvent comparable in §. Then:

() There exists a B-gen-zed b-ry triple M = {H, o, 1} for S*
suchthat A=T | ker(lp)and B =T | ker(I';), and the
corresponding Weyl function M(-) is &;-regular.

(i) The following limit exists for a.e. A € R and the function

R3 A £(N) = 1Ii[T3trIm(Iog(M()\+is))) (7)

G
is a spectral shift function for the pair {B, A}

(ii) The scattering matrix {S(\)} cr Of the pair {A,B} and the
spectral shift function £ in (7) are connected via

detS(\) = exp(—27ig(N)) (8)

for a.e. A € R with Im(M(A +1i0)) # 0.
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Remark

Recall that if A and B are resolvent comparable, then there
exists a real valued function &(-) € LL_(R) such that

tr ((A —z)y1-(B- z)—l) - / G _12)2 g(t)ydt, zeC, UC_,
9)
and [, 1—1t2 &(t) dt < co. Such a function &(+) is called a spectral
shift function (SSF) of the pair {B,A}. We emphasize that £(+)
is defined uniquely up to an additive constant, i.e. £;(+) is a SSF
alongside with £(+) if and only if £&,(-) = &(-) + ¢, c € R.
Formula (8) is the famous Birman-Krein formula connecting the
determinant of the scattering matrix with the Krein spectral shift
function. It is an immediate consequence of Theorem 1.
Formula (7) for (one of) the SSF was obtained in terms of the
Weyl func-n corresponding to an ordinary b-ry triplet in [1].
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Application to Schrddinger operators

Schrodinger operators. Let Q2 ¢ R" be an exterior domain, let

L=—-A+V, V € L™(Q). (10)
be a Schrédinger diff. expr-n with a potential V = V € L®(Q).
With expression (10) one naturally associates the min. oper-r

Sminf = £f,  dom(Smin) = {f € H3(Q) : 1pf = wf =0}.
(11)
and realizations
Apf = Lf, dom(Ap) = {f € H3(Q) : ypf = 0},

12
Anf =£f,  dom(Ay) {feHZ(Q) wf =0}, £

where 7p and ~y are the Dirichlet and Neumann traces, and

Auf=cf,  dom(A,) = {f e HY?(Q) : arpf = wf}. (13)
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Dirichlet-to-Neumann map

Mote that for any «» € H/2(9Q) and z € p(Ap) there exists a
unique solution f, € HX () of the boundary value problem

— Af, +Vf, =zf,,  pf, = € HY2(0Q). (17)
The solution operator is given by
Po(z) : HY?(0Q) — HA(Q) C L?(Q), ¢ —f.  (18)

For z € p(Ap) the Dirichlet-to-Neumann map Ay >(z) is defined
by

Mj2(z) i HY2(0Q) — H7Y2(0Q), ¢ — wPp(z)¥, (19)
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Theorem 2

Let Q c R? be an exterior domain with a C>°-smooth boundary,
letV € L*>°(Q2) and a € L*>°(09) be real valued functions, and let
Ap and A, be the self-adjoint Dirichlet and Robin realizations of
L=-A+VinL%(Q)in (12) and (13), respectively. Let Aq (-
be the Dirichlet-to-Neumann map defined in (19), and let

MP(2) =y L(a—App(2)sh, Ze€p(Ap),  (20)

where ;7 : H/2(9Q) — L?(0Q) denotes a positive definite
self-adj. op. in L2(0Q) with dom(y) = HY/2(0Q) as in (14)—(15).
Then {Ap, A, } is a complete scattering system and

L2(R,d\, Hy), My :=ran(ImMP(\ +i0)),

forms a spectral representation of AZ® such that for a.e. A € R
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the scattering matrix {S(Ap, Ax; \)}aer Of the scattering
system {Ap, A, } admits the representation

S(Ap,An; A) = Iy, —2i/IMM2 (A 4 i0) MP (A +i0)~14/IMmM2 (X +i0).

Remark. In connection with this result we mention the papers

[2], 3], [4].
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Thank you!
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