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Definitions

Orlicz function: a function ¥ : R, — R convex such that

¥(x)/x — oo and ¥(0) = 0.

Orlicz spaces

Let (©2,P) be a probability space and ¢ an Orlicz function.
The Orlicz space LY = LY(Q,P) is:

{f:Q—>(C measurable, 3a>0,/ (| |) dIP’<oo}
Q

Morse-Transue space MY = MY¥(Q,P) is:

{f : Q — C measurable, Vo > 0,/ Y <‘g> dP < oo}
Q
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Endowed with the Luxemburg norm

Ifl,, := inf{a >0, Lw(’f|>dpg1},

(07

LY and MY are Banach spaces and M¥ = clos(L>°) in LY.

| A\

LP spaces

If 1)(x) = xP then LY = M¥ = LP. More generally LY = MY if and
only if v satisfies the As-condition.
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Bergman-Orlicz and Hardy-Orlicz spaces

AY and HY, N > 1.

1. The weighted Bergman-Orlicz space AY is the set

LY(Bp, va) N HBy), with v = co(l — |2]?)%, a > —1; we also
let AMY = M¥(By, va) N H(By).

2. The Hardy-Orlicz space HY is defined as

{f € H(By); 2P 1l Lo s som) < OO}’

and HMY = Mw(SN,UN) N H(]B%/\/)

1. A%, AMY (resp. HY and HMY) are Banach subspaces of
LY(By, va) (resp. LY(Sy,on));

2. If 4 satisfies the V-condition then (AMY)** = AY (resp.
(HMY)** = HY).
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A simple observation

Evaluations

Point evalution functionals §, are continuous on Ag:

! 1
e~ ™ ()

AV C H® = {f € HBw), |If]l, : |(3| < oo}

Therefore

Where V(Z) = 7/1_1 (W)
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A simple observation

Evaluations a>—1

Point evalution functionals §, are continuous on Ag:

! 1
e~ ™ ()

AV C H® = {f € HBw), |If]l, : |(3| < oo}

Therefore

Where V(Z) = 7/1_1 (W)

Observation

If @ > —1 and ¢ grows fast (namely satisfies the A2-condition),
then z — |0, € LY (B, va)-
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Consequences

Direct consequences a>—1
Assume that ¢ € A2,

1. AY = H2° with equivalent norms, where v(z) = ¢~} (ﬁ)

2. AMY = HO where v(z) = 1 <1%|Z|>

3. AY = Ag for any 8 > —1,;

4. Every bounded operator from AY into LY is order bounded into
LY.

Recall that an operator T from a Banach space X to a Banach
lattice Y is order bounded into Z, Z a sublattice of Y, if there
exists y € Z such that for every x € X, [|x|| <1, |Tx| < y.
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Applications to composition operators

Let ¢y € A% and o > —1. For any ¢ : By — By holomorphic, the

composition operator C, : f — fog, f € AY, is order bounded into
LY.
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Applications to composition operators

Let ¢y € A% and o > —1. For any ¢ : By — By holomorphic, the
composition operator C, : f — fog, f € AY, is order bounded into
LY.

Theorem 1

TFAE:

1. Every composition operator is bounded on Ag(IB%N);

2. Every composition operator is bounded on AM (By);

3. Every composition operator acting on A% (By) is order bounded
into LY (B, va);

4. AL(By) = H with v(z) = ¢ (15\2\)'

5. 1) satisfies the A®-condition.
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Applications to composition operators - 2

Theorem 2

Let o > —1, let ¢ be an Orlicz function satisfying the A®-condition
and let ¢ : By — By be holomorphic. TFAE:

1. Cy4 is compact on Ax(IBSN);

2. Cy acting on AY(By) is order bounded into MY (By);

When o > —1 we have the following

3.
1Cy[. = lim Y (/A= 19(2)]))
s lzl-1 Y~1(1/(1—|z]))
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Between A, and A??

There exists ¢ € Al such that "boundedness", "order boundedness
into LY" "order boundedness into M¥" and ""compactness" are all
distinguished by composition operators.
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Between A, and A??

Co(h) = {zeBn,1—|z| < h} ifa>-1
T {zeBy, 1—|z| < h} ifa=-1"

Let o« > —1, ¢ € Al and ¢ : By — By holomorphic.
@ (, acting on A¥(By) is order bounded into LY(By) iff 3A > 0
such that Vh € (0,1),

1
= (Ag 1 (1/A@))

@ C, acting on A%(By) is order bounded into MY (By) iff
VA >0, 3Ca > 0 and Jha € (0,1) such that Vh € (0, ha),

1o (Ca(h))

C
Kol Col ) < sty
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